Abstract. Harer-Kas-Kirby conjectured that every handle decomposition of the elliptic surface E(1) 2,3 requires both 1-and 3-handles. We prove that the elliptic surface E(n)p,q has a handle decomposition without 1-handles for n ≥ 1 and (p, q) = (2, 3), (2, 5), (3, 4), (4, 5).
Introduction
It is not known whether or not the 4-sphere S 4 and the complex projective plane CP 2 admit an exotic smooth structure. If such a structure exists, then each handle decomposition of it has at least either a 1-or 3-handle (cf. [8] ). On the contrary, many simply connected closed topological 4-manifolds are known to admit infinitely many different smooth structures which have neither 1-nor 3-handles in their handle decompositions (cf. Gompf-Stipsicz [4] ).
Problem 4.18 in Kirby's problem list [6] is the following: "Does every simply connected, closed 4-manifold have a handlebody decomposition without 1-handles? Without 1-and 3-handles?" It is not known whether or not the simply connected elliptic surface E(n) p,q (n ≥ 1, p, q ≥ 2, gcd(p, q) = 1) admits a handle decomposition without 1-handles. In particular, Harer, Kas and Kirby conjectured in [5] that every handle decomposition of E(1) 2,3 requires both 1-and 3-handles. Gompf [3] notes the following: it is a good conjecture that E(n) p,q (p, q ≥ 2) has no handle decomposition without 1-and 3-handles.
In [7] and [8] we constructed a homotopy E(1) 2,3 which has the same SeibergWitten invariant as E(1) 2,3 and has a handle decomposition without 1-and 3-handles. Recently Akbulut [1] proved that E(1) 2,3 has a handle decomposition without 1-and 3-handles, by using knot surgery on E(1) and investigating a dual handle decomposition. He also proved that infinitely many different smooth structures on CP 2 #9CP 2 admit handle decompositions without 1-handles. In this paper, we prove the theorem below by improving our previous procedure ( [7] , [8] ). Our method is different from Akbulut.
The author is grateful for their hospitality. Finally, the author would like to thank the referee for his/her useful suggestion (see the proof of Proposition 3.3).
Rational blow-down
In this section we review the rational blow-down introduced by Fintushel-Stern [2] . See also Gompf-Stipsicz [4] .
Let C p and B p (p ≥ 2) be the smooth 4-manifolds defined by Kirby diagrams in Figure 1 . The boundary ∂C p of C p is diffeomorphic to the lens space L(p 2 , p − 1) and to the boundary ∂B p of B p . Suppose that C p embeds in a smooth 4-manifold X. Let X (p) be a smooth 4-manifold obtained from X by removing C p and gluing B p . The 4-manifold X (p) is called the rational blow-down of X along C p . Note that X (p) is uniquely determined up to diffeomorphism by a fixed pair (X, C p ). This operation has the following relation with the logarithmic transformation.
Theorem 2.1 (Fintushel-Stern [2] , see also Gompf-Stipsicz [4] ). Suppose that a smooth 4-manifold X contains a cusp neighborhood, that is, a 0-handle with a 2-handle attached along a 0-framed right trefoil knot. Let X p be the smooth 4-manifold obtained from X by performing a logarithmic transformation of multiplicity p in the cusp neighborhood. Then there exists a copy of C p in X#(p − 1)CP 2 such that the rational blow-down of X#(p − 1)CP 2 along the copy of C p is diffeomorphic to X p .
Proof
In this section we prove Theorem 1.1. We do not draw (whole) Kirby diagrams of elliptic surfaces. However, one can draw whole diagrams of elliptic surfaces without 1-handles, following the procedures in this section.
Let E(n) be the simply connected elliptic surface with Euler characteristic 12n and with no multiple fibers, and E(n) p1,...,p k the elliptic surface obtained from E(n) by performing logarithmic transformations of multiplicities p 1 , . . . , p k . Proposition 3.1. For n ≥ 1, the elliptic surface E(n) 2 has handle decompositions as in Figure 2 and 3. Each obvious cusp neighborhood in Figure 2 and 3 is isotopic to a regular neighborhood of a cusp fiber of E(n) 2 .
Proof. E(n) p admits a handle decomposition in Figure 9 (see Gompf-Stipsicz [4, page 315 ∼ 316] and Harer-Kas-Kirby [5] ). The obvious cusp neighborhood in Figure 9 is isotopic to a regular neighborhood of a cusp fiber of E(n) p (see [4] and [5] ). Proposition 3.2. For n ≥ 1, the elliptic surface E(n) 3 admits a handle decomposition as in Figure 4 . The obvious cusp neighborhood in Figure 4 is isotopic to a regular neighborhood of a cusp fiber of E(n) 3 . For n ≥ 1, the elliptic surface E(n) 4 admits a handle decomposition as in Figure 5 . The obvious cusp neighborhood in Figure 5 is isotopic to a regular neighborhood of a cusp fiber of E(n) 4 .
Proof. In Figure 9 of E(n) p , we repeat handle slides shown in Figure 34 . We then get the diagram of E(n) p in Figure 35 . (This diagram is a key of our proof for n ≥ 2. The way to construct this diagram is suggested by the referee.) Note that we did not slide the cusp neighborhood in Figure 9 over any handles. Figure 36 is Lemma 3.4. Suppose that a simply connected closed smooth 4-manifold X has a handle decomposition as in Figure 6 . Here q is an arbitrary integer. h 2 and h 3 are arbitrary non-negative integers. Let X (p) be the rational blow-down of X along the copy of C p in Figure 6 . Then X (p) admits a handle decomposition
In particular X (p) admits a handle decomposition without 1-handles. Figure 7 . We easily get a meridian of the unique dotted circle by a handle slide. Thus we can cancel the 1-handle/2-handle pair.
Corollary 3.5. Suppose that a simply connected closed smooth 4-manifold X has a handle decomposition as in Figure 8 . Here q is an arbitrary integer. h 2 and h 3 are arbitrary non-negative integers. Let X p be the smooth 4-manifold obtained from X by performing a logarithmic transformation of multiplicity p in the obvious cusp neighborhood in Figure 8 . Then X p admits a handle decomposition In particular X p admits a handle decomposition without 1-handles. Theorem 3.7. For n ≥ 1 and (p, q) = (2, 3), (2, 5) , (3, 4) , (4, 5) , the elliptic surface E(n) p,q has a handle decomposition one 0-handle ∪ 12n 2-handles ∪ two 3-handles ∪ one 4-handle.
Further remarks
We finish this paper by making some remarks. Remark 4.1. A key of our proof of the main theorem is to elliminate extra twists of a 2-handle of E(n) p so that we can apply Corollary 3.5. To carry out the key, we used many vertical −1 framed 2-handles of E(n) p in Figure 9 or 35. Perhaps, we may obtain more examples of elliptic surfaces without 1-handles by additionally using horizontal 2-handles of E(n) p in Figure 9 or 35. Remark 4.2. In [7] and [8] , we constructed a smooth 4-manifold E is constructed from CP 2 #13CP 2 by rationally blowing down C 5 . However, it is not known whether or not E(1) 2,3 can be obtained from CP 2 #13CP 2 by rationally blowing down C 5 . We do not know whether or not manifolds in [8] are diffeomorphic to E(1) 2,q (q = 3, 5).
Remark 4.3. It seems more interesting to investigate handle decompositions of exotic 4-manifolds with small Euler characteristics, because there exist no exotic S 4 and no exotic CP 2 which admit handle decompositions without 1-and 3-handles. In [9] , we constructed exotic CP 2 #nCP 2 (5 ≤ n ≤ 9) which admit neither 1-nor 3-handles for 7 ≤ n ≤ 9. 
